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Noetherian rings

A ring R is called Noetherian if every ideal of R is finitely generated.

Definition Il

A ring R is called Noetherian if there is no infinite sequence (I,)ne. of ideals of R
such that
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Noetherian rings

Definition |

A ring R is called Noetherian if every ideal of R is finitely generated.

Definition 11

A ring R is called Noetherian if there is no infinite sequence (I,)ne. of ideals of R
such that
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Noetherian rings

A ring R is called Noetherian if every ideal of R is finitely generated.

Definition 11

A ring R is called Noetherian if there is no infinite sequence (I,)ne. of ideals of R
such that

LCLCIC...

Definitions | and Il are equivalent under ZFC.
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Closure systems

Definition (algebraic closure operator)

Let A be a nonempty set. An algebraic closure operator on A is a map cls : 24 — 24
with the following properties

(1) BCclsB for all B C A,
(2) BCC = clsBCclsC for all B, C C A,
(3) clsclsB=cls B for all B C A,
(4) csB=Uccn,|c|<xcIsC for all B C A.

Main theorem

Let cls be an algebraic closure operator. Under ZFC, each closed set is finitely
generated (FB) if and only if there is no infinite ascending chain of closed sets (ACC).
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Proof of the main theorem —
| (FB) — (ACC):
Take any infinite chain of closed sets
CiCCyCC3C---
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Proof of the main theorem —
| (FB) — (ACC):
Take any infinite chain of closed sets
CiCcCyCC3C---
Consider the union B =

1EW

cls B = cls{ay,

Cyan
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Proof of the main theorem —

| (FB) — (ACC):
Take any infinite chain of closed sets

CiCcCyCC3C---

Consider the union B = J,,, C;. By FB

cls B =cls{ay,...,an}.

Since a; € cls B, then q; € cls F' for some F' Cg, B.
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Proof of the main theorem —

| (FB) — (ACC):
Take any infinite chain of closed sets

CiCcCyCC3C---

Consider the union B = |J;.,, C;. By FB

1EW
cls B =cls{ay,...,an}.
Since a; € cls B, then a; € cls F' for some F' Cg, B. There is j; such that

a; € FCCj,.
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Proof of the main theorem —

| (FB) — (ACC):
Take any infinite chain of closed sets
CiCcCycC3C---

Consider the union B = |J;.,, C;. By FB

icw
cls B =cls{ay,...,an}.
Since a; € cls B, then a; € cls F' for some F' Cg, B. There is j; such that
a; € FCCj,.
Put j = max{j; | 1 <i <n}. Then

cls B=cls{ai,...,a,} CC; CCjp1 C---CclsB.
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Proof of the main theorem <=
| (FB) «— (ACC):
C1 = cls{b1}.

Assume there is a closed set B that is not finitely generated. Take b; € B, put
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Proof of the main theorem <=

| (FB) «— (ACC):

Assume there is a closed set B that is not finitely generated. Take b; € B, put
C1 = cls{b1}.
The set B\ Cy is nonempty, pick by € B\ C1, put Cy = cls{b1, b2 }.
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Proof of the main theorem <=

| (FB) «— (ACC):

Assume there is a closed set B that is not finitely generated. Take b; € B, put
C1 = cls{b1}.

The set B\ Cy is nonempty, pick by € B\ C1, put Cy = cls{b1, b2 }.

The set B\ C3 is nonempty, pick by € B\ Cq, put C3 = cls{b1, ba, b3 }.
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Proof of the main theorem <=

| (FB) «— (ACC):
Assume there is a closed set B that is not finitely generated. Take b; € B, put
C1 = cls{b1}.

The set B\ Cy is nonempty, pick by € B\ C1, put Cy = cls{b1, b2 }.
The set B\ C3 is nonempty, pick by € B\ Cq, put C3 = cls{b1, ba, b3 }.

We have constructed an infinite ascending chain

Ci1cCCC3G -
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Axiom of Choice

Axiom of Choice (AC)

For every set A whose elements are nonempty sets, there exists a function f with
domain A such that f(X) € X for every X € A.
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Axiom of Choice

Axiom of Choice (AC)

For every set A whose elements are nonempty sets, there exists a function f with
domain A such that f(X) € X for every X € A.

Axiom of Dependent Choice (DC)

For every nonempty set A and every relation R on A such that for every a € A there is
b € B such that (a,b) € R, there exists a sequence (z,)ne,, such that (z,,z,4+1) € R
for all n € w.
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Axiom of Choice

Axiom of Choice (AC)

For every set A whose elements are nonempty sets, there exists a function f with
domain A such that f(X) € X for every X € A.

Axiom of Dependent Choice (DC)

For every nonempty set A and every relation R on A such that for every a € A there is
b € B such that (a,b) € R, there exists a sequence (z,)ne,, such that (z,,z,4+1) € R
for all n € w.

Fact
Both AC and DC are independent sentences in Zermelo-Fraenkel set theory (ZF).
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Why should we care?
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Figure: How a working mathematician sees set theory [1].
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Why should we care?

Example 1

Many ring-theoretic facts already require AC (usually in the form of Zorn's lemma):

— Every nonzero ring with unity has a maximal ideal.

— Every nonzero ring has a minimal prime ideal.
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Example 1

Many ring-theoretic facts already require AC (usually in the form of Zorn's lemma):
— Every nonzero ring with unity has a maximal ideal.

— Every nonzero ring has a minimal prime ideal.

Example 2
We need to describe a concrete lattice. We know that there are no infinite ascending
chains; can we deduce that everything is finitely generated?

Spring School of the Department of Algebra, 2026, Ratiborské hory 7



Example 1
Many ring-theoretic facts already require AC (usually in the form of Zorn's lemma):
— Every nonzero ring with unity has a maximal ideal.

— Every nonzero ring has a minimal prime ideal.

Example 2

We need to describe a concrete lattice. We know that there are no infinite ascending
chains; can we deduce that everything is finitely generated?

Heuristic/fact

Your theorems are stronger if you prove them without AC.
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Part 1

Point out this issue
Part 2

Construct a counterexample

Part 3

Vojtéch David
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Towards a counterexample

We will work with the Zermelo-Fraenkel set theory (recursively axiomatized first-order
theory with infinitely many axioms); we omit many details.
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Towards a counterexample

We will work with the Zermelo-Fraenkel set theory (recursively axiomatized first-order
theory with infinitely many axioms); we omit many details.

How do you prove that something is an independent statement in ZF?
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Towards a counterexample

We will work with the Zermelo-Fraenkel set theory (recursively axiomatized first-order
theory with infinitely many axioms); we omit many details.

Question

How do you prove that something is an independent statement in ZF?

Assume ZF is consistent .. take V to be a model of ZF.

Vojtéch David



Towards a counterexample

We will work with the Zermelo-Fraenkel set theory (recursively axiomatized first-order
theory with infinitely many axioms); we omit many details.

Question

How do you prove that something is an independent statement in ZF?

Assume ZF is consistent .. take V to be a model of ZF. Construct a new model N
from V' by adding/removing sets:
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Towards a counterexample

We will work with the Zermelo-Fraenkel set theory (recursively axiomatized first-order
theory with infinitely many axioms); we omit many details.

Question

How do you prove that something is an independent statement in ZF?

Assume ZF is consistent .. take V to be a model of ZF. Construct a new model N
from V' by adding/removing sets:

— Fraenkel-Mostowski permutation models (1920s — 1930s)

=} F = E E DHAQ
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Towards a counterexample

We will work with the Zermelo-Fraenkel set theory (recursively axiomatized first-order
theory with infinitely many axioms); we omit many details.

Question

How do you prove that something is an independent statement in ZF?
Assume ZF is consistent .. take V' to be a model of ZF. Construct a new model N
from V' by adding/removing sets:

— Fraenkel-Mostowski permutation models (1920s — 1930s)
— Godel's inner models (late 1930s)

=} F = E E DHAQ
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Towards a counterexample

We will work with the Zermelo-Fraenkel set theory (recursively axiomatized first-order
theory with infinitely many axioms); we omit many details.

Question
How do you prove that something is an independent statement in ZF?
Assume ZF is consistent .. take V' to be a model of ZF. Construct a new model N
from V' by adding/removing sets:
— Fraenkel-Mostowski permutation models (1920s — 1930s)
— Godel's inner models (late 1930s)

— Cohen’s symmetric models (1960s) — forcing
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Symmetric models

Definition

Let A be a countable set and G a group of permutations on A. For each & € G,
extend the action of w to subsets and sequences of subsets in the natural way. A
set-theoretic object (subset / sequence of subsets) z (built over A) is symmetric if it
has a support: a finite E C A such that every 1 € G that pointwise fixes F, fixes z.

=} F = = E DA
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Symmetric models

Definition

Let A be a countable set and G a group of permutations on A. For each n € G,
extend the action of & to subsets and sequences of subsets in the natural way. A
set-theoretic object (subset / sequence of subsets) z (built over A) is symmetric if it
has a support: a finite £ C A such that every n € G that pointwise fixes F, fixes z.

Lemma (Symmetric model lemma, [2, Sections 4.3 and 6], [3, Lemma 3])

In the setting above, there exists a transitive model N of ZF, in which:
— A € N and every element of A isin N.
— A subset S C A belongs to NV if and only if S is symmetric.
— A sequence (S;)icw of subsets of A belongs to N if and only if it is symmetric.

Vojtéch David Spring School of the Department of Algebra, 2026, Ratiborské hory



Counterexample part |

Let A be a countably infinite set. Define cls : 24 — 24 by cls S = S. Take
G = Sym(A). Apply the symmetric model lemma.
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Counterexample part |

Let A be a countably infinite set. Define cls : 24 — 24 by cls S = S. Take
G = Sym(A). Apply the symmetric model lemma.

Proposition

FB fails for cls in V.
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Counterexample part |

Let A be a countably infinite set. Define cls : 24 — 24 by cls S = S. Take
G = Sym(A). Apply the symmetric model lemma.

Proposition

FB fails for cls in V.

Proof.
— For B C A, B is finitely generated <= B is finite.
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Counterexample part |

Let A be a countably infinite set. Define cls : 24 — 24 by cls S = S. Take
G = Sym(A). Apply the symmetric model lemma.

Proposition

FB fails for cls in V.

Proof.
— For B C A, B is finitely generated <= B is finite.

— The property "B is finite" is absolute.

m] =3 = = E DA
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Counterexample part |

Let A be a countably infinite set. Define cls : 24 — 24 by cls S = S. Take
G = Sym(A). Apply the symmetric model lemma.

Proposition

FB fails for cls in V.

Proof.
— For B C A, B is finitely generated <= B is finite.

— The property "B is finite" is absolute.
— In particular, A is infinite and A € N.

m] =3 = = E DA

Vojtéch David Spring School of the Department of Algebra, 2026, Ratiborské hory 11



Counterexample part Il

ACC holds for cls in N.
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Counterexample part Il

Proposition
ACC holds for cls in V.

Proof. Suppose for the contradiction that C = (C});e. is strictly ascending chain of
subsets of A. Let E be its support.

Claim 1. F is the support of each C;.
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Counterexample part Il

Proposition
ACC holds for cls in V.

Proof. Suppose for the contradiction that C = (C});e. is strictly ascending chain of
subsets of A. Let E be its support.

Claim 1. F is the support of each C;.
— Take o € G such that ¢ pointwise fixes E. Then

(Ci)icw = C =0C = 0(Cy)icw = (0Ci)icw -
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Counterexample part Il

Proposition
ACC holds for cls in V.

Proof. Suppose for the contradiction that C = (C});e. is strictly ascending chain of
subsets of A. Let E be its support.

Claim 1. F is the support of each C;.
Claim 2. Either C; C Eor A\ C; C E.
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Counterexample part Il

Proposition
ACC holds for cls in N.

Proof. Suppose for the contradiction that C = (C});e. is strictly ascending chain of
subsets of A. Let E be its support.

Claim 1. F is the support of each C;.
Claim 2. Either C; C Eor A\ C; C E.

— Suppose there exists a € C; \ E. For any b € A\ E, the transposition (a,b) fixes
E pointwise; hence, it fixes C;. Thus

be(C; andso A\ECC; = A\C;CE.
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Counterexample part Il

Proposition
ACC holds for cls in N.

Proof. Suppose for the contradiction that C = (C});e. is strictly ascending chain of
subsets of A. Let E be its support.

Claim 1. F is the support of each C;.
Claim 2. Either C; C Eor A\ C; C E.

— Suppose there exists a € C; \ E. For any b € A\ E, the transposition (a,b) fixes
E pointwise; hence, it fixes C;. Thus

be(C; andso A\ECC; = A\C;CE.

— If no such a € C; \ E exists, then C; C E.
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Counterexample part Il

Proposition
ACC holds for cls in V.

Proof. Suppose for the contradiction that C = (C});e. is strictly ascending chain of
subsets of A. Let E be its support.

Claim 1. F is the support of each C;.
Claim 2. Either C; C Eor A\ C; C E.

== There are only finitely many subsets of F, i.e., finitely many possibilities for C; in
either case, contradiction. g
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What just happened?

Let A be a countably infinite set. Define cls : 24 — 24 by cls S = S. Take
G = Sym(A). Apply the symmetric model lemma.
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What just happened?

Construction

Let A be a countably infinite set. Define cls : 24 — 24 by cls S = S. Take
G = Sym(A). Apply the symmetric model lemma.

— We removed enough sets so that A is still infinitely generated, but there is no
infinite ascending chain.
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What just happened?

Construction

Let A be a countably infinite set. Define cls : 24 — 24 by cls S = S. Take
G = Sym(A). Apply the symmetric model lemma.

— We removed enough sets so that A is still infinitely generated, but there is no
infinite ascending chain.
— We omitted many technical details; it might feel like a blackbox.
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What just happened?

Construction

Let A be a countably infinite set. Define cls : 24 — 24 by cls S = S. Take
G = Sym(A). Apply the symmetric model lemma.

— We removed enough sets so that A is still infinitely generated, but there is no
infinite ascending chain.
— We omitted many technical details; it might feel like a blackbox.

Refinement of the main theorem

Let cls be an algebraic closure operator on a countable set A. Then cls satisfies (FB)
if and only if cls satisfies (ACC).
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What just happened?

Construction

Let A be a countably infinite set. Define cls : 24 — 24 by cls S = S. Take
G = Sym(A). Apply the symmetric model lemma.

— We removed enough sets so that A is still infinitely generated, but there is no
infinite ascending chain.
— We omitted many technical details; it might feel like a blackbox.

Refinement of the main theorem

Let cls be an algebraic closure operator on a countable set A. Then cls satisfies (FB)
if and only if cls satisfies (ACC).

Proof idea. We can make the choices in the implication * <= " deterministically. [

m] =3 = = E DA
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Proof of the main theorem <=

| (FB) «— (ACC):
Assume there is a closed set B that is not finitely generated. Take b; € B, put
C1 = cls{b1}.

The set B\ Cy is nonempty, pick by € B\ C1, put Cy = cls{b1, b2 }.
The set B\ C3 is nonempty, pick by € B\ Cq, put C3 = cls{b1, ba, b3 }.

We have constructed an infinite ascending chain

Ci1cCCC3G -
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What just happened?

Construction

Let A be a countably infinite set. Define cls : 24 — 24 by cls S = S. Take
G = Sym(A). Apply the symmetric model lemma.

— We removed enough sets so that A is still infinitely generated, but there is no
infinite ascending chain.
— We omitted many technical details; it might feel like a blackbox.

Refinement of the main theorem

Let cls be an algebraic closure operator on a countable set A. Then cls satisfies (FB)
if and only if cls satisfies (ACC).

Proof idea. We can make the choices in the implication * <= " deterministically. [

— In our construction, we must have lost the countability of A.
o = = = E DA
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Other disasters without Choice

Let R be a ring. We define the following properties:
A1 .. R has a composition series of ideals.
Ay .. Every nonempty set of ideals of R has a minimal member.
As .. Every strictly descending chain of ideals of R is finite.
N; .. Every nonempty set of ideals of R has a maximal member.
No .. Every ideal of R is finitely generated (FB).
N3 .. Every strictly ascending chain of ideals of R is finite (ACC).

=] =3 = E E DA
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Other disasters without Choice

Definition (shortened)

A; .. Composition series of ideals Nj .. Existence of a maximal ideal
Az .. Existence of a minimal ideal Nj .. (FB)
As .. (DCC) N3 ... (ACC)
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Other disasters without Choice

Definition (shortened)

A1 .. Composition series of ideals Nj .. Existence of a maximal ideal
Az .. Existence of a minimal ideal Nj .. (FB)
As .. (DCC) N3 ... (ACC)

Theorem (from Six impossible rings by W. Hodges, [3, Theorem 1])

Provable in ZFC: Provable in ZF alone:
A <~ As <~ As A — Ay — As
I {3

N+ <~ N9 <~ N3 N1 — No — N3
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Conclusion

(ACC) and (FB) are not necessarily equivalent.
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Conclusion

| (ACC) and (FB) are not necessarily equivalent.

| You should be wary if you use Choice or not.
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Conclusion

(ACC) and (FB) are not necessarily equivalent.
You should be wary if you use Choice or not.

There is a rich and beautiful theory behind (independence of) the Axiom of Choice
and its variants. See T. Jech's The Axiom of Choice for details [2].
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Conclusion

(ACC) and (FB) are not necessarily equivalent.
You should be wary if you use Choice or not.

There is a rich and beautiful theory behind (independence of) the Axiom of Choice
and its variants. See T. Jech's The Axiom of Choice for details [2].

See W. Hodges' Six impossible rings [3] or H. Herrlich's Axiom of Choice [4] for
disasters with/without Choice.
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